Abstract: Phosphorus nanorings and nanohelices -which were speculated to exist over 20 years ago -have been systematically derived from one parent structure and studied with quantum chemical methods. The (P 8 P 2 )n nanorings have been recently synthetized inside carbon nanotube templates, and our comprehensive analysis of possible structural arrangements strongly supports the possibility to experimentally realize the closely-related (P 8 P 2 )n nanohelices. The nanohelices possess very low stiffness, suggesting interesting mechanical properties with nano-spring -like behavior.
Phosphorus shows very rich allotropy, making it an exciting element from the point of view of fundamental structural chemistry as well as new materials. 1, 2 The allotropes of phosphorus are divided in three main classes: white, black, and red phosphorus. White phosphorus is simply composed of P 4 molecules. Black phosphorus is a layered material composed of rather weakly bound 2D sheets, which can be exfoliated to create phosphorene, a 2D allotrope of significant interest. 3, 4 Red phosphorus is the most diverse class of phosphorus allotropes, including several crystalline modifications together with various amorphous polymeric networks. The current understanding and energetics of the various red-P allotropes have been discussed comprehensively by Weihrich et al. 1, 5 Among the red phosphorus modifications, X-ray crystal structures have been obtained for fibrous red and violet phosphorus. [6] [7] [8] In addition, two types of structurally characterized nanorods have been extracted from their copper iodide adducts. 9 Using a simplified notation, the nanorods are one-dimensional P 12 chains composed of −P 4 −P 8 − or −P 2 −P 10 − building blocks.
The building blocks of red phosphorus have been studied computationally since early 1990s. [10] [11] [12] In 1995, Böcker and Häser presented a comprehensive theoretical study on the building blocks of red phosphorus and they were able to predict the existence of several red phosphorus modifications. 13 Böcker and Häser also studied red phosphorus chains composed of −P 2 −P 8 − building blocks and found out that such chains bend spontaneously, leading to hypothesis that −P 2 −P 8 − building block would result in the formation of (P 8 P 2 ) n rings and macrohelices. 28 The ring-shaped (P 8 P 2 ) n allotropes were later studied in detail theoretically and the rings were predicted to show a energy minimum at around 160-200 atoms. 14, 15 Notably, recent investigation of phosphorus nanostructures inside carbon nanotubes (CNT) suggested the nanostructures to be stacked (P 8 P 2 ) n rings and high-resolution transmission electron microscopy (HR-TEM) images were compared with a model of stacked P230 rings. 16 , 29 In addition to the (P 8 P 2 ) n rings, a route towards the helical structures postulated by Böcker and Häser has been suggested recently by Tománek et al., 17 who applied an analytical model to investigate the energetics of the hypothetical (P 8 P 2 ) n helices (coils). We note that a very different type of phosphorus helix has been recently observed as a part of an inorganic double helix in semiconducting SnIP. 18 Here we investigate (P 8 P 2 ) n nanorings and nanohelices with quantum chemical methods and show how both the rings and helices can be derived systematically from one parent structure. By using a novel computational scheme implemented in the CRYSTAL program package, 19 we are able to carry out full structural optimizations on phosphorus nanohelices as large as 5770 atoms in the unit cell. Our calculations reveal the full structural details of phosphorus nanohelices with varying "chirality", allowing us to analyze the energetics and feasibility of the (P 8 P 2 ) n nanorings and nanohelices.
The helices and stacked rings studied here are onedimensional (1D) periodic structures. Similar to carbon nanotubes, helices and stacked rings can be derived by rolling up a suitable 2D slab. Figure 1 illustrates the building principles of the (P 8 P 2 ) n nanorings and nanohelices. The starting point is the −P 2 −P 8 − building block ( Figure 1a ) that is known to form curved structural units. 13, 14, 17 The −P 2 −P 8 − building block is then used to form a 1D P 8 P 2 ) n chain ( Figure 1b ) and a 2D slab composed of parallel (P 8 P 2 ) n chains ( Figure 1c ). The final key step is then to coil the slab according to so-called rolling vector R, Figure 1c .
The rolling vector is defined as R = n 1 a 1 +n 2 a 2 , where {a i } are the slab unit cell vectors and {n i } define the socalled chirality of the helix. The concept of chirality is analogous to the chirality of CNTs rolled up from a hexagonal graphene sheet. 20 The phosphorus helices and rings can be described conveniently using notation (n 1 , n 2 ). As shown in Figure 1c for the (8,n 2 ) series, the primitive cell of the slab is square-shaped. The so-called chiral angle, θ, is shown for different rolling vectors. 30 In contrast to CNTs rolled up from a graphene sheet with only covalent bonds, the (P 8 P 2 ) n helices and rings possess weak non-covalent interactions between individual (P 8 P 2 ) n chains. Proper theoretical treatment of these weak interactions is crucial for understanding the (a) −P 2 −P 8 − building block.
(b) (P 8 P 2 )n chain generated by periodic repetition of the −P 2 −P 8 − building block along the (n 1 ,0) direction (blue rectangle shows the unit cell).
(c) Rolling procedure of a 2D slab which has been generated by periodic repetition of (P 8 P 2 )n chains along the (0,n 2 ) direction (blue square shows the unit cell).
Figure 1:
A schematic summary of the building principles of the (P 8 P 2 ) n nanorings and nanohelices. energetics of the nanostructures. Another fundamental difference in comparison to CNTs is the the role of n 2 : in a CNT, n 2 simply determines the chirality of the tube, but for the phosphorus helices, values of n 2 > 1 additionally set the number of chains to be rolled up simultaneously (vide infra). We will discuss separately the cases n 2 = 0, n 2 = 1 and n 2 > 1, in this order.
We start our structural discussion from the special case of n 2 = 0, that is, structures (n 1 , 0). This family is built up by coiling a single chain of a given length along the (n 1 ,0) direction and stacking the so-obtained rings. An example is shown as the topmost structure in Figure 2 . The individual rings in the stack correspond to the previously studied phosphorus nanorings. 14 (20, 20) structure has 20 intertwined helices, which are illustrated with a color gradient from dark to light.
The unit cell shown in Figure 1c only allows to model structures, where the stacked rings are "eclipsed", because all the phosphorus chains are perfectly aligned in parallel. Thus, we also studied (n 1 ,0) structures built by using a double unit cell, where two phosphorus chains are displaced with respect to each other analogously to the AB stacking of chains discussed by Tománek et al. (see Supporting information for full discussion on the stacking). 17 An example of the resulting "staggered" stacked rings is shown as the second structure from the top in Figure 2 . The staggered rings adopt kind of a keylock configuration, where the attractive inter-ring disper-sion interactions are maximized. Figure 3 illustrates the relative energies of the stacked (P 8 P 2 ) n rings, that is, (n 1 ,0) structures (relative energies plotted in all figures are tabulated in the Supporting Information). The level of theory is DFT-PBE0-D3/TZVPP, which includes dispersion corrections for the inter-ring van der Waals interactions. We found a similar stability trend for both staggered and eclipsed rings. The (8,0) rings are, small, strained, and less stable than a straight (P 8 P 2 ) n chain. However, starting from (12,0), both eclipsed and staggered stacked rings are clearly more stable than the straight chain. The rings reach an energy minimum at (20,0), that is, stacked P 200 rings, after which the relative energy slowly starts to increase. This finding is in agreement with previous study, whre the isolated P 200 ring was predicted to be the minimum energy structure among P 80 -P 360 rings. 14 The staggered stacked rings are about 1 kJ/mol per atom more stable than the eclipsed structures. We also carried out harmonic frequency calculations on the stacked (P 8 P 2 ) n rings to find out if they are true local minima. Analogously to previous work, 14 we found that isolated rings starting from P 120 are true local minima. In the case of stacked (P 8 P 2 ) n rings showing inter-ring van der Waals dispersion interactions, we found that the staggered (12,0) structure is also a true local minimum. However, the eclipsed stacked rings up to (20,0) have imaginary vibrational modes corresponding to twisting motion where the atoms vibrate along the stacking direction of the rings. In comparison to known phosphorus allotropes, the staggered stacked P 200 rings are 11.1 kJ/mol per atom more stable than white phosphorus, P 4 , but 8.1 and 8.2 kJ/mol per atom less stable than fibrous red and black phosphorus, respectively. In the case of the phosphorus nanostructures recently synthetized inside CNTs, 16 Zhang et al. superimposed a structure model of stacked P230 rings on their experimental HRTEM images. In their model, the diameter and the inter-ring distance (D) were 5.30 nm and 0.64 nm respectively. For comparison, the staggered (24,0) structure studied here contains P 240 rings with diameter and D of 5.47 nm and 0.68 nm, respectively 31 . In the case of the eclipsed (24,0) structure, D is 0.73 nm.
After the stacked ring structures with rolling vectors of (n 1 ,0), we move to structures where n 2 has non-zero values. We first discuss the (n 1 ,1) structures, which correspond to coiling a single (P 8 P 2 ) n chain into a helix. The inset in the top of Figure 4 illustrates a (20,1) helix and the third subfigure in Figure 2 shows the same helix using a space-filling representation. The latter view is not very different from the staggered stacked P 200 rings shown as the second subfigure in Figure 2 . However, the unit cells are very different: The (20,1) helix has 4010 atoms in the unit cell, while the (20,0) structure has only 400 or 200 atoms for the staggered and eclipsed cases, respectively. helices and the staggered stacked (P 8 P 2 ) n rings as a function of the maximum radius. The top inset shows the structure of (20,1) helix.
The relative energies of single-chain helices and staggered stacked rings are compared in Figure 4 . It turns out that the staggered stacked rings are more stable in comparison to the single-chain helices for all studied rolling vectors. However, the difference is only 0.3 kJ/mol per atom for (20, 1) and (20, 0) . Consequently, the (20,1) helix is 8.6 kJ/mol per atom less stable than black phosphorus at the same level of theory. It was not computationally feasible to calculate the next largest (24,1) singlechain helix at the PBE0-D3/TZVPP level of theory (5770 atoms in the unit cell), but using a smaller split-valencepolarized (SVP) basis set we found out that the relative energy of the next largest (24,1) helix was only 0.02 kJ/mol per atom lower than for (20, 1) . We thus expect the energy minimum of the single-chain helices in this region of n 1 values.
The single-chain (n 1 ,1) helices are similar to the "helical coil allotrope" recently discussed by Tománek et al. 17 . Combining structure and energy data from nondispersion-corrected DFT-LDA and DFT-PBE calculations with an analytical model, they predicted a minimum energy diameter of 4.2 nm and inter-loop distance of 0.65 nm (4.8 nm and 0.73 nm with PBE). These values resemble the diameter and inter-loop distance in our (20,1) helix (4.73 nm and 0.65 nm, respectively). It was not possible to carry out harmonic frequency calculations on the (n 1 ,1) helices due to their enormous unit cell sizes.
We finish by describing the cases where n 2 > 1. To our knowledge, such structures have not been discussed in the literature ever. As illustrated in Figure 1c , the values n 2 > 1 mean that several (P 8 P 2 ) n chains are coiled into helical shape at the same time. As an example, consider the bottom panel in Figure 2 , which illustrates (20, 20) structure with 20 intertwined helices. We studied such multi-chain helices for n 1 = 8, 12, 16, 20, and 24, considering several values of n 2 for each case. The full list of studied multi-chain helices is available in the Supporting Information, together with a figure of (12,n 2 ) helices. The relative energies of all studied (P 8 P 2 ) n helices are plotted in Figure 5 as a function of the chiral angle, θ, which connects the n 1 and n 2 vectorsand reveals smooth trends in the data series. Figure 5 : The relative energy of all studied (P 8 P 2 ) n helices as a function of the chiral angle θ (see Figure  1c ). The energies are given relative to the structure (20,0), that is, staggered stacked P 200 rings). The inset shows a magnification on the minimum energy region.
The single-chain (n 1 ,1) helices and the (12,8) multi-chain helix are labeled for clarity. The other data points are multi-chain helices (see text).
Looking at Figure 5 , it is clear that (8,n 2 ) series shows the largest variation as a function of the θ angle. For the (12,n 2 ) series, the energy already varies much less and this series also shows the helical structure with the lowest absolute energy. The (12, 8) structure is practically isoenergetic with the (20,0) stacked staggered rings, being only 0.02 kJ/mol per atom less stable. Up until the (20,n 2 ) helices, the minimum energy structure of each n 1 series is located within θ = 30-34 • .
The multi-chain helices possess a special case n 1 = n 2 , where harmonic frequency calculations are feasible due to smaller unit cell size. We were able to confirm the (12, 12) helix with 240 atoms in the unit cell as a true local minimum. In other words, coiling the (P 8 P 2 ) n chain into a helical shape appears to result in true local minima. The true local minimum character is encouraging from the point of view of experimental realization within a suitable templating approach. Considering the experimental feasibility of the various helix structures, the synthesis of single-chain (n 1 ,1) helices seems conceptually simpler than the self-assembly of a multi-chain helix structure with n 2 > 1. The formation of multi-chain helices would be a two-stage process: First, the formation of several single-chain helices would be required and secondly, the single-chain helices would then need to self-assemble into an intertwined structure.
Concerning the electronic properties of all studied structures, they turned out to be wide-band gap semiconductors at the chosen level of theory. For most structures, the predicted fundamental electronic band gap lies at the border of visible/UV regions, in the range of 3.0-3.4 eV (see SI). As a future study, it will be of interest to investigate optical band gaps via suitable TD-DFT approaches.
The spring-like appearance of the single-chain (n 1 ,1) helices raises the question of their elastic properties. We calculated the Young's modulus, that is, the stiffness of the (12,1) single-chain helix (see SI for the details). Our estimate of Young's modulus is 5 GPa, which is a rather low stiffness and in the regime typically reported for polymers such as Nylon (6.6 GPa). 21 In conclusion, we have derived the structural principles of phosphorus nanorings and nanohelices built from (P 8 P 2 ) n chains. Such structures were first suggested over 20 years ago by Böcker and Häser. 13 Today, quantum chemical calculations on nanohelices with thousands of atoms in the unit cell are feasible when the structures are systematically built up and calculated exploiting full helical symmetry. Some of the ring-shaped materials studied here have been recently synthetized inside carbon nanotube templates and further tuning of the templating approach could result in yet undiscovered phosphorus allotropes. The predicted phosphorus nanohelices possess interesting mechanical properties and the systematic construction scheme illustrated here can also be applied to derive other inorganic helical materials with fascinating structures and properties.
Methods. The first-principles calculations were performed within the framework of Density Functional Theory (DFT), using the hybrid PBE0 exchange-correlation functional. 22 Van der Waals dispersion interactions were taken into account using Grimme's empirical DFT-D3 method with zero-damping (ZD) and three-body ABC contributions. 23, 24 All calculations were carried out with a development version of the CRYSTAL code, 25 exploiting full helical symmetry to speed up the calculations. 19 CRYSTAL expands the crystal orbitals as linear combinations of atom-centered Gaussian-type functions. We applied a triple-ζ-valence quality basis set (TZVPP) derived from the molecular Karlsruhe basis set. 26 The applied DFT-PBE0-D3(ZD+ABC)/TZVPP level of theory produces very reasonable geometries for known phosphorus allotropes. Benchmark calculations and full computational details are discussed in the Supporting Information.
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